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Abstract 

We study in detail the spectrum of the bosonic oscillator Hamiltonian associated 

(3) 

with the C3-extended oscillator algebra Aaoai, where C3 denotes a cyclic group of 
order three, and classify the various types of spectra in terms of the algebra parameters 
ao, ai. In such a classification, we identify those spectra having an infinite number of 
periodically spaced levels, similar to those of cyclic shape invariant potentials of period 
three. We prove that the hierarchy of supersymmetric Hamiltonians and supercharges, 
corresponding to the latter, can be realized in terms of some appropriately chosen 

(3) 

Aaoai algebras, and of Pauli spin matrices. Extension to period-A spectra in terms of 
C^-extended oscillator algebras is outlined. 



1 Introduction 

When supplemented with the concept of shape invariance |IJ , supersymmetric quantum me- 
chanics (SSQM) || has proved very useful for generating exactly solvable quantum mechan- 
ical models. Devising new approaches to construct shape invariant potentials is still under 
current investigation (for a recent review see Ref. ||). A recent advance in this field has 
been the introduction of cyclic shape invariant potentials by Sukhatme et al [[| , generalizing 
a previous work of Gangopadhyaya and Sukhatme [H . 

In addition, SSQM has established a nice symmetry between bosons and fermions [[|. 
Such a symmetry has been extended to some exotic statistics. Replacing fermions by 
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parafermions ||, pseudofermions JIJ, or orthofermions M, for instance, has led to para- 
supersymmetric (PSSQM) [|, [HJ, pseudosupersymmetric 0, or orthosupersymmetric |T 
quantum mechanics, respectively. 



The development of quantum groups and quantum algebras JT2| during the last decade 
has proved very useful in connection with such problems. In particular, various deforma- 
tions and extensions of the oscillator algebra have found a lot of applications to quantum 
mechanics, in general, and to SSQM and some of its generalizations, in particular. 

Deformations of the oscillator algebra arose from successive generalizations of the Arik- 
Coon [fTS] , and Biedenharn-Macfarlane |TJ| g-oscillators. Various attempts have been made to 
introduce some order in the various deformations by defining 'generalized deformed oscillator 
algebras' (GDOAs). Among them, one may quote the treatments due to Jannussis et al [|T5|], 
Daskaloyannis fllEf , Irac-Astaud and Rideau [IT], McDermott and Solomon [|TJ[], Meljanac 
et al []19| |, Katriel and Quesne |]20[], Quesne and Vansteenkiste |21, 22fl . In the remainder 



of the present paper, we shall refer to GDOAs as defined in Ref. [5T|. GDOAs have found 
some interesting applications to the algebraic treatment of some one-dimensional exactly 
solvable potentials |23|, or two-dimensional superintegrable systems [25], as well as to the 
description of systems with non-standard statistics 



19, 26, 27, 28 



G-extended oscillator (or alternatively HeisenbergF]) algebras, where G is some finite 
group, essentially appeared in connection with n-particle integrable models. It was shown 
that they provide an algebraic formulation |29], BO, plj of the Calogero model |32 



or some 
For two 
, where 



generalizations thereof [Q. In the former case, G is the symmetric group S n |30 
particles, the abelian group S2 can be realized in terms of Klein operator K = (—1 
N denotes the number operator. The ^-extended oscillator algebra is then known as the 
Calogero- Vasiliev |23J, or modified |JT] oscillator algebra. 



The usefulness of GDOAs in connection with SSQM was pointed out by Bonatsos and 
Daskaloyannis ||3"3|. Then Brzezihski et al | 31| , and Plyushchay in more detail (see also 



Ref. f36j), showed that the Calogero- Vasiliev algebra provides a minimal bosonization of 
SSQM in terms of boson-like particles, instead of a combination of bosons and fermions, as 
is the case in the standard approach H. 



In a recent work 



A™ 

•^ l a a 1 ...a x 



37]], we introduced a new type of G-extended oscillator algebras 
, where G is a cyclic group of order A, C\ = { I, T, T 2 , . . . , T A_1 }, and «o, on, 
. . ., «a-2 denote A — 1 independent real parameters. Since C\ is an Abelian group, its ele- 
ments can be realized in terms of iV only, so that A^J ai _ a becomes a GDOA. The cyclic 



group C2 being isomorphic to S2, the C*2-extended oscillator algebra is equivalent to 
Calogero- Vasiliev algebra. Hence, new features only appear for A > 3. 



To each A{ x l 



a ai...ax-2 



algebra, one can associate a bosonic oscillator Hamiltonian H . That 
corresponding to is just the two-particle Calogero Hamiltonian, which has a very simple 

both the oscillator and Heisenberg algebras, the creation and annihilation operators a 1 , a are consid- 
ered as generators, but in the former the number operator appears as an additional independent generator, 
whereas in the latter it is defined in terms of a as N = a^a. 
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spectrum, coinciding with that of a shifted harmonic oscillator. For higher A values, the 
situation is entirely different as, according to the parameter values, the spectrum may be 
nondegenerate, or may exhibit some [y + l)-fold degeneracies, where v may take any value 
in the set {1, 2, . . . , A — 1}, with in each case various possibilities for the level ordering. 



In |37| , we extended Plyushchay's work by showing that the C^-extended oscillator alge- 
bra A^ ai provides a minimal bosonization of Rubakov-Spiridonov PSSQM of order p = 2 [|]. 
More generally, it can be proved |38| that A^ ai ^ a leads to the same result for Rubakov- 



Spiridonov PSSQM of order p = A — 1. 

Here, we will address the problem of SSQM for cyclic shape invariant potentials of pe- 
riod A. We will prove that the corresponding hierarchy of supersymmetric Hamiltonians and 
supercharges, which repeats after a cycle of A iterations can be realized in terms of some ap- 
propriate A^J a a _ algebras, and of Pauli spin matrices. Although the detailed derivation 
will be carried out for the simplest nontrivial case corresponding to A = 3, it will become 
clear that the arguments are still valid for arbitrary A > 3. 

To deal with this problem, after reviewing the definitions of the C^-extended oscillator 
algebra, and of the corresponding oscillator Hamiltonian in section [| we will study in detail 
the H spectrum associated with A^ ai > an d derive the complete classification of the different 
types of spectra in terms of the algebra parameters «o, ai, in section ||. In section [| , we 
will then identify those spectra having an infinite number of periodically spaced levels, and 
show that for some of them one can obtain the searched for algebraic realization of SSQM. 
Section || contains some concluding remarks about the extension to period-A spectra. 



2 C^-Extended Oscillator Algebra and Hamiltonian 



Let us consider the bosonic oscillator Hamiltonian, defined fin units wherein huj = 1) 



by 



H a ' at } 



(2.1) 



where the creation and annihilation operators a^, a satisfy the generalized relations 



N,a 



a, a 



at, [N,T] = 0, 
I + ^T + ^T 2 , 



T A = J, 

a t T = e -2W3 Tfl t 



(2.2) 



-i 



together with their Hermitian conjugates. Here, iV = is the number operator, T = [T^ 
is the (unitary) generator of a cyclic group C3 = {I,T, T 2 }, and Ki, k 2 are two complex 
constants, restricted by the condition k 2 = k\ (deriving from the relation T 2 = T'). 

In the present paper, we shall be concerned with a realization of T as a function of N, 
given by 

T = e 2mN/ \ (2.3) 
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in which case there only remain two nontrivial relations in equation 



namely 



N, a ] 



a', 



a, a' 



I + 2(Ke «i) cos ^A - 2(Sm m) sin ^-N. 



According to |2IJ, equation ( gg ) defines a GDOA A(G(N)), with 



G(iV) = I + 2(Ke «i) cos 4f iV - 2(3m «i) sin f A 



(2.4) 



(2.5) 



Provided its parameters satisfy some conditions to be given below, the algebra possesses 
a bosonic Fock space T = {\n) \ n — 0, 1, 2, . . . }, spanned by the normalized eigenvectors of 
A, 

N\n) = n\n), (n\m) = 8 n>m , (2.6) 

which can be written as 



\n)=Ar- 1/2 (^Y\0), n = 0,1,2,..., 
where M n is some normalization constant, and |0) is a vacuum state, i.e., 

a|0) = 0. 



(2.7) 



(2i 



From equation ( [2.4|) , it is clear that the operators a) , a act differently in the three 
subspaces /i = 0, 1, 2, of J 7 , defined by = { |3/c + yu) | A; = 0, 1, 2, . . . }, and such 
that T = J-q © J^i © Actually, these three subspaces are the carrier spaces of the 
three inequivalent irreducible (one-dimensional) matrix representations of C3, defined by 
T At (T) = exp(27n/z/3), n — 0, 1, 2 |39[] . The projection operators P M on the JF^ subspaces 
are given by P M = | SiLo exp(— 2nifxv/3) T", or 



P 
P 2 



i f / + 2 cos #N 



P 1 = i f J _ cos ^.N + V3 sin ^A 



I (/ - cos ^A - V3sin f A) . 



As it can easily be checked on equation (|2.9|), the P M 's satisfy the relations 
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P P = S P 



^=0 



as it should be. 

In terms of such operators, equation 



N,a! 



,t 



a, a 1 



can be rewritten as 
= / + a Po + «iPi + «2P2, 



(2.9) 



(2.10) 



(2.11) 



where a M , /1 = 0, 1, 2, are three real parameters, connected with Ki and n 2 = k{* by the 
relations = J2v=i exp(27ri/ii//3) Kj,, or 



ao = 2 9fteKi, cti = — 3fte Ki — 3m Ki, a 2 = — ao — ol\ = — 3fte Ki + -\/3 3m (2.12) 
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Hence, we may also express G(N) as 

G(N) = I + a P + aiPx + a 2 P 2l 



with ao + cui + a 2 = 0, 



;2.i3) 



and denote the algebra A(G(N)) by A^ ai , where the two independent real parameters a , a% 
are specified. In the remainder of this paper, we will assume a M = ^^3, and P M = P Mmo d3 
for arbitrary integer \i values. 

For any GDOA, one may define a so-called structure function F(N), which is the solution 



of the difference equation F(N+1)-F(N) = G(N), such that F(0) = |I| |^ |2|, [34 
In the present case, we get 



F(N) = N + faP x + faP 2 , where fa = a , fa = a + a x . 



(2.14) 



In the bosonic Fock space J 7 , F(N) satisfies the relations 

a^a = F(N), aa) = F(N + 1), (2.15) 
and the normalization coefficient M n in equation ( |2.7| ) is given by M n = EHLi or 



Man 

•A/*3fc+l 
■A/3fc+2 



3 3fc 

g3fc+l 



r(^)r(^ 2 ) r(* + i)r(fc + fa)v(k + fa), 



-1 



r(^)r(/3 2 ) r(k + i)r(k + 1 + fa)v(k + fa), 



(2.16) 



-1 



r(^)r(^ 2 ) r(fc + i)r(fc + 1 + fa)r(k + i + p 



in terms of gamma functions, and of (3 1 = (fa + l)/3, fa = (fa + 2)/3. The creation and 
annihilation operators act upon |n) as 



a)\n) = \jF(n + 1) \n + 1), a\n) = \J F(n) \n - 1). 



(2.17) 



Hence, from equation Q2.14j) , it is obvious that T exists if and only if F(l) > and F(2) > 0, 
or, in other words, the algebra parameters are restricted to those values for which 



a > -1, 



ol\ > —2 — do- 



(2.18) 



We shall henceforth assume that these conditions are fulfilled. Note that ao = a x = 
corresponds to the standard harmonic oscillator. 

It is now straightforward to determine the action of the bosonic oscillator Hamiltonian H Q , 
defined in equation (|2.1|), in the bosonic Fock space T . For such a purpose, it is useful to 
rewrite H in the equivalent forms 



H = a)a+\(I + a P + a x P x + a 2 P 2 ) = N + -I + 7 P + I1P1 + I2P2 



(2.19) 



by using equations ( |2.11| ), ( j2.14| ), and Q2.15| ). In equation ( |2.19| ), the parameters 7^, \l — 0, 
1, 2, are defined by 



7o 



Ti 



|(2a + O!i), 72 = |(«o + ai), 



(2.20) 
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and satisfy the relation 70 — 7i + 72 = 0. The number operator eigenvectors |n) = \3k + fx) 
are also eigenvectors of H , corresponding to the eigenvalues 

E 3k+fl = 3£; + / u + 7 At + i, k = 0,1,2,..., (i = 0,1,2. (2.21) 

In each subspace of T , the spectrum of H is therefore harmonic, but the three infinite 
sets of equally spaced energy levels, corresponding to // = 0, 1, 2, respectively, may be shifted 
with respect to each other by some amounts depending upon the algebra parameters «o, otx 
through their linear combinations 70, 71, 72, defined in equation ( |2.20| ). We may therefore 
obtain nondegenerate spectra, as well as spectra with some double or triple degeneracies. In 
the next section, we will study such spectra in detail. 



3 Classification of CVExtended Oscillator Hamiltonian 
Spectra 

To obtain the various types of Hq spectra, we shall proceed in two steps. We shall first 
determine the possible orderings of the H ground states in JF , T\, and T 2 , corresponding 
to the eigenvalues E Q , E x , and E 2 , respectively. This will give rise to three general and two 
intermediate classes of spectra. Then, for each of these five possibilities, we shall successively 
study the relative order of the excited states in JF , T\, and T 2 in the nondegenerate, doubly- 
and triply-degenerate cases. 



Considering first E , E x , and E 2 , we obtain from equations ( |2.20| ) and ( |2.21| ) 



E 1 -E = ±{a Q + a 1 + 2), E 2 - E x = \{2 - a ) , E 2 - E = \{a x + 4). (3.1) 

Since the parameter values are restricted by equation ( |2.18| ), it is obvious that the ground 
states in JF , T\, and JF 2 may either be nondegenerate, or exhibit a double degeneracy. In 
the former case, they may be ordered in three different ways, which we will refer to as (I), 
(II), and (HI), respectively, as listed hereafter 

(I) E < E x < E 2 if -1 < a < 2 and -2 - a < a x , 

(II) E < E 2 < E x if 2 < a and -4 < a u (3.2) 

(III) E 2 < E < Ex if 2 < a and -2 - a < «i < -4. 

In the latter case, their ordering is intermediate between classes (I) and (II), or (II) and (III), 
and are given by 

(I-II) E Q < Ex = E 2 if a = 2 and -4 < a x , 
(II-III) E = E 2 < Ex if 2 < a and ax = -4, (3.3) 

respectively. 

Let us now consider the excited states in JF , T X -, and T 2 , and distinguish between non- 
degenerate, doubly- and triply-degenerate spectra. 
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3.1 Nondegenerate spectra 



For nondegenerate spectra, we have only to consider the three general classes (I), (II), 
and (III). 

Starting with class (I), we note that since E 3 — E 2 = (2 — cti)/2, and E 3 — E\ = (4 — 
«o — «i)/2, we have three different possibilities for the ordering of E 3 with respect to Ex, 
and E 2 . 

E Q < Ei < E 2 < E 3 if -1 < a < 2 and -2 - a < ax < 2, 

E < Ei < E 3 < E 2 if -1 < a < 2 and 2 < a x < 4 - a , (3.4) 

E < E 3 < Ei < E 2 if -1 < a < 2 and 4 - a < ax- 

Furthermore, since E 4 — E 2 = (ao + 4)/2 is positive over the whole parameter range, in 
the first two cases the remainder of the spectrum is entirely determined, so that we obtain 
E Q < Ei < E 2 < E 3 < E 4 < E 5 < E & < ■ ■ ■, and E < E x < E 3 < E 2 < E 4 < E 6 < E 5 < ■ ■ •, 
respectively. 

In the third case, we have to study the ordering of E 6 with respect to Ei, and E 2 . As 
E 6 — E 2 = (8 — cti)/2, and E 6 — Ei = (10 — a — «i)/2, there again appear three different 
possibilities: 

E < E 3 < Ei < E 2 < E e if -1 < a < 2 and 4 - a < «i < 8, 

E < E 3 < Ei < E 6 < E 2 if -1 < a < 2 and 8 < a x < 10 - a , (3.5) 

E < E 3 < E 6 < Ei < E 2 if -1 < a < 2 and 10 - a < ai, 

where for the first two the remainder of the spectrum is entirely determined. 

By recursively carrying on such a classification, we get two nondegenerate spectra sub- 
classes (1.1) and (1.2), themselves labelled by some index n running over 1, 2, 3, . . .: 

(1.1. n) E < E 3 < ■ ■ ■ < E 3n „ 3 < Ei < E 2 < E 3n < E 4 < E 5 < ■ ■■ 
if — 1 < a < 2 and 6n — a — 8 < «i < 6n — 4, 

(I.2.n) E < E 3 < ■ ■ ■ < £ 3 n-a < Ei < E 3n <E 2 <E 4 < E 3n+3 (3.6) 
< E 5 < ■ ■ ■ 

if — 1 < a < 2 and 6n — 4 < ai < 6n — «o — 2. 

The parameter values in equation (|3.6|) can simply be obtained by combining those defining 
class (I) in equation ( |3.2| ) with the conditions E 3n _ 3 — E% — (6n — a — a x — 8)/2 < 
for both subclasses, and either E 3n — E 2 = (6n — a% — 4)/2 > for the first one, or 
E 3n - Ei = (6n - a - ai - 2)/2 > and E 3n - E 2 = (Qn - ax - 4)/2 < for the 
second one. 

It is worth noting that the parameter values corresponding to type (I.l.n) and (l.2.n) 
spectra cover all class (I) parameter range, but for — 1 < a < 2, a x = 6n — 4 or «i = 
6n — a — 2, where n = 1, 2, 3, 
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(a) 





(b) 



Figure 1: Examples of nondegenerate H spectra belonging to class (I): (a) type (1.1.2) 
spectrum with a — 0, a± — 6; (b) type (1.2.2) spectrum with a — 0, a± — 9. 
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Figure 2: Examples of nondegenerate H spectra belonging to class (II): (a) type (II. 1.2. 2) 
spectrum with a = 10, «i = 4; (b) type (II. 2. 2. 2) spectrum with a = 10, a.\ = 7. 
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Figure 3: Examples of nondegenerate H spectra belonging to class (HI): (a) type (III. 1.2. 2) 
spectrum with ao = 18, a± = —12; (b) type (III. 2. 2. 2) spectrum with ao = 21, a\ = —15. 

A similar procedure can be used for classes (II) and (III). Both of them separate into two 
subclasses (II. 1), (II. 2), and (III.l), (III. 2), but the latter are now labelled by two integer 
indices m, n — 1, 2, 3, . . ., instead of only one as for class (I). They are given by 

(Il.l.m.n) E < E 3 < ■ ■ ■ < E 3n _ 3 < E 2 < E 3n < E 5 < ■■■ < E 3m+3n _ 6 

< E 3m -i < Ei < E 3m+3n ^ 3 < E 3m+ 2 < £4 < • • • 

if 6m — 4 < a < 6m + 2 and 6n — 10 < a\ < 6m + 6n 
- a - 8, 

(II.2.m.n) E < E 3 < ■ ■ ■ < E 3r ^ 3 < E 2 < E 3n < E 5 < E 3n+3 < ■■■ 

< E 3m _i < E 3m+3n _ 3 < Ei < E 3m+2 < E 3rn+3n < E4 < • ■ ■ 
if 6m — 4 < ao < 6m + 2 and 6m + 6n — ao — 8 < a± 

< 6n - 4, 



(3.7) 



and 



3m+3n-4 



(Ill.l.m.n) E 2 < E 5 < ■ ■ ■ < E 3n _ x < E < E 3n+2 < E 3 < ■ ■ ■ < E- 

< E 3m ^ 3 < Ei < E 3m+3n _i < E 3m < E/i < ■ ■ ■ 

if 6m + 6n — 10 < a < 6m + 6n — 4 and 6m — a — 8 < «i 

< 2 - 6n, 

(III.2.m.n) E 2 < E 5 < ■■■ < E 3n . x < E < E 3n+2 < E 3 < E 3n+5 < ■■■ 

< E 3rn _ 3 < E 3rn+3n _i < Ei < E 3m < E 3m+3n+2 < E 4 < ■ ■ ■ 



(3.8) 
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if 6m + 6n — 4 < «o < 6m + 6n + 2 and —4 — 6n < «i 
< 6m — a — 2, 

respectively. 

The parameter values given in equations (|3.7|), and ( ft.8| ) can be checked in the same 
way as those in equation ( |3.6| ). Furthermore, those corresponding to type (II. 1. m.n) and 
(II. 2. m.n) spectra cover all class (II) parameter range, but for 6m — 4 < «o < 6m + 2, 
a% = 6n — 4 or a% = 6m + 6n — «o — 8, where m, n = 1, 2, 3, . . ., and «i > —4, a = 6m + 2, 
where m = 1, 2, 3, . . .. A similar remark applies to type (III. 1. m.n) and (III. 2. m.n) spectra, 
and class (III) parameter range, the exceptions being now 6m + 6n — 4 < a < 6m + 6n + 2, 
«i = —4 — 6n or ot\ = 6m — a ~ 2, where m, n = 1, 2, 3, . . ., and —2 — a < a i < — 4, 
a = 6n + 2, where n = 1, 2, 3, 

Some examples of class (I), (II), and (III) nondegenerate spectra are displayed on figures 1, 

2, and 3, respectively. One should remark that only type (1. 1.1) spectra, for which —1 < 
«o < 2 and —2 — «o < ol\ < 2, have the same level order as the standard harmonic oscillator, 
the spectrum of the latter being retrieved in the special case where «o = ai = 0. 

3.2 Doubly-degenerate spectra 

Doubly-degenerate spectra may appear as limiting cases of the nondegenerate ones of 
subsection |3TT| , whenever two contiguous energies become equal, or they may directly result 
from the two intermediate classes, defined in equation (|3.3j ). They belong to three different 
types, labelled by a, b, c, and corresponding to T$-T\, T§-T 2 , and T\-T% degeneracies, 
respectively. 

For class (I), for instance, we can obtain type a spectra by considering the limit E\ = E^ n 
in subclass (1.2. n), defined in equation ( |3.6|) , thereby getting the condition a\ = 6n — a — 2. 
The remaining two possibilities, namely E^ n ^ = E\ in subclass (I.l.n) or (I.2.n) for n = 2, 

3, . . ., can be excluded because the former leads to the same types of spectra and parameter 
values as those already found, while the latter would imply the a\ value 6n — a — 8, lying 
outside the interval (6n — 4, 6n — a — 2). Similarly, type b spectra can be obtained by 
considering the limit E 2 = E 3n in subclass (I.l.n) or (I.2.n), thus giving the condition 
«i = 6n — 4. On the contrary, type c spectra cannot be derived as limiting cases of class (I) 
spectra, as E% < E 2 by definition of the class, and E 2 < E± over the whole parameter range. 

We conclude that class (I) doubly-degenerate spectra are given by 

(I.n.a) E < E 3 < ■ ■ ■ < E 3n _ 3 < E 3n = E 1 < E 2 < E 3n+3 = E A 
<E 5 <--- 

if — 1 < «o < 2 and ot\ = 6n — a — 2, 
(I.n.b) E < E 3 < ■■■ < £ 3 n-a < E 1 < E 3n = E 2 < E A (3.9) 
< E 3n+3 = E 5 < ■ ■ ■ 
if — 1 < a < 2 and «i = 6n — 4, 
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Figure 4: Examples of doubly-degenerate H spectra belonging to class (I): (a) type (1. 2. a) 
spectrum with ao — 0, a± — 10; (b) type (I.2.b) spectrum with ao — 0, a± — 8. 

where n runs over 1, 2, 3, . . .. Together with type (I.l.n) and (I.2.n) nondegenerate spectra, 
they clearly exhaust all class (I) spectra. 

By proceeding in the same way, the doubly-degenerate spectra, arising as limiting cases 
of class (III) nondegenerate ones, can be shown to separate into the following types: 

(Ill.m.ra.a) E 2 < E 5 < ■ ■ ■ < E 3n ^ < E < E 3n+2 < E 3 < E 3n+5 < ■ ■■ 

< E 3m _ 3 < E 3m+3n _i < E 3m = Ei < E 3rn+3n+ 2 

< E 3m+3 = E 4 < ■ ■ ■ 

if 6m + 6n — 4 < a < 6m + 6n + 2 and a± = 6m — a — 2, 
(Ill.m.n.b) E 2 < E 5 < ■ ■ ■ < E 3n ^ < E 3n+2 = E < E 3n+5 = E 3 < ■ ■ ■ 

< E 3rn+3n _i = E 3m - 3 < Ei < E 3m+3n+2 = E 3m < E± < ■ ■ ■ (3.10) 
if 6m + 6n — 4 < a < 6m + 6n + 2 and a.\ = — 4 — 6n, 

(Ill.m.n.c) E 2 < E 5 < ■ ■ ■ < E 3n ^ < E < E 3n+2 < E 3 < ■ ■ ■ 

< E 3m+3n _4 < E 3rn _ 3 < E 3m+3n -x = Ei < E 3m 

< E 3m+3n+2 — E4 < • • • 

if a = 6m + 6n — 4 and — 4 — 6n < a.\ < 2 — 6n, 

where m, n run over 1, 2, 3, . . .. Together with type (Ill.l.m.n) and (III.2.m.n) non- 
degenerate spectra, they cover all class (III) parameter range, but for the discrete values 
a = 6m + 6n + 2, ot\ = —4 — 6n, where m, n — 1, 2, 3, 
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Figure 5: Examples of doubly-degenerate H spectra belonging to class (II): (a) type 
(II. 2. 2. a) spectrum with a = 10, a.\ = 6; (b) type (II.2.2.b) spectrum with a = 10, 
«i = 2; (c) type (II.2.2.c) spectrum with a — 8, a± — 4. 
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Figure 6: Examples of doubly-degenerate H spectra belonging to class (III): (a) type 
(III. 2. 2. a) spectrum with a = 24, a.\ = —14; (b) type (III. 2. 2. b) spectrum with a = 24, 
oli = —16; (c) type (III. 2. 2. c) spectrum with a = 20, «i = —12. 
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The doubly-degenerate spectra arising as limiting cases of class (II) nondegenerate ones 
can be grouped with those appearing in the intermediate classes (I-II), and (II-III) to provide 
the following types: 

(Il.m.n.a) E < E 3 < ■ ■ ■ < E 3n _ 3 < E 2 < E 3n < E 5 < ■ ■ ■ < £ 3m+3n _ 6 

< E^m-l < E 3m+3n _ 3 = Ei < E 3m+2 < E 3m+3n = E4 < ■ ■ ■ 

if 6m — 4 < cto < 6m + 2 and a% = Qm + 6n — ao — 8, 
(Il.m.n.b) E < E 3 < ■ ■ ■ < £ 3n _ 3 = E 2 < E 3n = E 5 < ■ ■ ■ 

< E 3m+3n _ 6 = E 3m ^i < Ei < E 3m+3n ^ 3 = E 3m+ 2 < E4 < ■ ■ ■ 

if 6m — 4 < ao < 6m + 2 and a.\ = Qn — 10, (3-H) 
(Il.m.mc) E < E 3 < ■ ■ ■ < E 3n ^ 3 < E 2 < E 3n < E 5 < E 3n+3 < ■■ 

< E 3m _4 < E 3m+3n _ e < E 3m _i = Ei < E 3m+3n _ 3 

< E 3m+ 2 = E4 < ■ ■ ■ 

if ao = 6m — 4 and 6n — 10 < ai < 6n — 4, 

where m, n run over 1, 2, 3, . . .. Here we note that type (Il.m.n.a), (Il.m.n.b) (with n > 2), 
and (H.m.n.c) (with m > 2) spectra come from class (II), and together with type (Il.l.m.n) 
and (II.2.m.n) nondegenerate spectra cover all class (II) parameter range, but for the discrete 
values ao = 6m + 2, ai = 6n — 4, where m, n = 1, 2, 3, . . .. On the contrary, type (Il.l.n.c) 
[resp. (Il.m.l.b)] spectra result from the intermediate class (I-II) [resp. (II-III)], and cover all 
the corresponding parameter range, but for the discrete values ao = 2, ai = 6n — 4, where 
n = 1, 2, 3, . . . [resp. ai = —4, a = 6m + 2, where m = 1, 2, 3, . . .]. 

Some examples of doubly-degenerate spectra are displayed on figures 4, 5, and 6. One 
should note that the lowest doubly-degenerate state is the fcth one, where k — n + 1, 
n + 2, 2m + n, n, 2m + n — 1, 2m + n + 1, n + 1, or 2m + n for type (I.n.a), (I.n.b), 
(Il.m.n.a), (Il.m.n.b), (Il.m.n.c), (III. m. ma), (Ill.m.mb), or (III. mm. c), respectively, and 
that above such a doubly-degenerate state, there always remain some nondegenerate ones. 
For type (Il.m.l.b) spectra, and only for them, the ground state is doubly degenerate. 



3.3 Triply-degenerate spectra 

The allowed parameter values not encountered in subsections EO, |3T2| correspond to 



triply-degenerate spectra. The latter may be separated into the following three types: 

(I.n.abc) E < E 3 < ■ ■ ■ < E 3n „ 3 < E 3n = E X = E 2 

< E 3n+3 = E 4 = E 5 < ■ ■ ■ 
if ao = 2 and ai = 6n — 4, 

(Il.m.n.abc) E < E 3 < ■ ■ ■ < E 3n _ 6 < E 3n _ 3 = E 2 < E 3n = E 5 < ■ ■ ■ 

< E 3m+3n ^Q = E 3m ^i < E 3m+3n _ 3 = E 3m+ 2 = Ei 

< E 3m+3n = E 3m+ 5 = E4 < ■ ■ ■ (3-12) 
if ao = 6m + 2 and ai = 6n — 10, 
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Figure 7: Examples of triply-degenerate H spectra: (a) type (I.2.abc) spectrum with a = 2, 
«i = 8; (b) type (II.1.2.abc) spectrum with a = 8, a\ = 2; (c) type (Ill.l.l.abc) spectrum 
with a = 14, ai = —10. 



(IILm.n.abc) E 2 < E 5 < ■ ■ ■ < E 3n „ 1 < E 3n+2 = E < E 3n+5 = E 3 < ■ ■ ■ 

< E 3m+3n _i = E 3m _ 3 < E 3m+3n+2 = E 3m = Ei 

< E 3m+3n+ 5 = E 3m+ 3 — E4 < • • • 

if a = 6m + 6n + 2 and ot\ = — 4 — 6n, 

where m, n run over 1, 2, 3, The first type comes from the intermediate class (I-II) , 

the second one from class (II) or from the intermediate class (II-III), according to whether 
n > 2 or n — 1, while the third one results from class (III). 

Some examples of triply-degenerate spectra are displayed on figure 7. Below the infinite 
set of triply-degenerate states, there appear n nondegenerate states in type (I.n.abc) spectra, 
while in the case of type (Il.m.n.abc) [resp. (Ill.m.n.abc)] spectra, there are n — 1 [resp. n] 
nondegenerate states, followed by m [resp. to] doubly-degenerate ones. For type (Il.m.l.abc) 
spectra, and only for them, the ground state is doubly degenerate. No spectrum with a 
triply-degenerate ground state is obtained. 
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4 Period-Three Spectra and Supersymmetric Quan- 
tum Mechanics 



From equations (TO , ( fT?!) , and (TO , it results that type (1.1.1), (II.l.l.l), and (III.l.l.l) 
spectra, characterized by 

(1.1.1) E < Ei < E 2 < E 3 < E 4 < E 5 < ■ ■ ■ 
if — 1 < a < 2 and — 2 — a < cti < 2, 

(II.l.l.l) E < E 2 < E x < E 3 < E 5 < E A < ■ ■ ■ 

if 2 < a < 8 and -4 < a x < 4 - a , (4.1) 

(III.l.l.l) E 2 < E < E 1 < E 5 < E 3 < E A < ■ ■ ■ 
if 2 < a < 8 and — 2 — a < a,\ < —4, 

respectively, have an infinite number of periodically spaced levels. More precisely, the level 
spacings are given by ujq, U\, u 2 , ujq, lux, u 2 , . . ., where lu^, // = 0, 1, 2, can be expressed in 
terms of the algebra parameters ato, cti, as 

(1 1 1) = |(ao + ax + 2), ^i = |(2-a ), ^2 = |(2 - «i), 

(II.l.l.l) u = K«i + 4), ^ = |(« -2), c^ = i(4-a -ai), (4.2) 
(III.l.l.l) cj = |(-ai-4), wi = |(ao + ai + 2), w 2 = |(8-a ), 

respectively. In all three cases, the normalization of Hq is such that Vt 3 = uoq + uj\ + uj 2 = 3. 

Spectra of a similar type were recently encountered by Sukhatme et al M in the context 
of SSQM with cyclic shape invariant potentials of period three. In such a case, one may 
construct a hierarchy of supersymmetric Hamiltonians, and corresponding supercharges in 
terms of superpotentials that repeat after a cycle of three iterations. In terms of the operators 

A ll = -jL + W(x,b ll ), Al = ~ + W(xX), /i = 0,1,2,..., (4.3) 

where denotes a set of parameters such that b^ +3 = 6 M , and the superpotentials W(x, 6 M ) 
satisfy the shape invariance conditions 

W 2 (x, &„) + W'(x, &„) = W 2 (x, b, +1 ) - W'(x, b, +1 ) + ^, fi = 0, 1, 2, (4.4) 

the supersymmetric Hamiltonians Ti^ and supercharge operators Qj t , are defined by 

where 

^ (0) = 4^o, 

W<"> = ^_ 1 4_ 1 +^- 1) / = 4A M + ^ ) J, a* = 1,2,..., (4.6) 
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and Eq denotes the ground state energy of «W (with £ (0) = 0). 

Since A\ = Al A 3 = A , = + S^I, one finds 

n, +3 = H„ Ql +3 = Ql Q» + 3 = Q». (4.7) 

Hence, there are only three sets of independent operators {H^ Q^, Qfj,}, corresponding to 
fi = 0, 1, 2. Each one of them fulfils the defining relations of the sqm(2) superalgebra 

{Ql) 2 = Ql = 0, [H„ Ql] = [H„ = 0, {Q„ Ql} = Hp. (4.8) 

The eigenvalues n = 0, 1, 2, . . ., of [L — 0, 1, 2, satisfy the relations 
c(o) «(i) _ , 

4°) = e? ) = £g l) =u + u 1 , (4.9) 



c 3fc+y ~~ °3fc+^-l — °3k+i/-2 — °3(k-l)+v " M1 3 + Zj "v" 

p=0 

where k — 1, 2, . . ., v — 0, 1, 2, and Spio = 0- 

We shall now proceed to show that one may realize the operators defined in equa- 
tions fl45| ), (|4.6| ), and satisfying equations ( [1.7D , ( fl8"l) , in terms of creation and annihilation 
operators a) , // = 0, 1, 2, belonging to C^-extended oscillator algebras .4. ( M) (m) , /i = 0, 

1, 2, whose parameters ckq , oc\ take some appropriate values corresponding to type (1. 1.1) 
spectra. We shall actually prove that one may assume 

4 = 4, A li = a fl , n = 0,1,2. (4.10) 



For such a purpose, let us start with some algebra A^ ai , and from its generators let us 
construct the operators 

H W = F(N + fi) = N + ill + « Pi-p - a 2 P 2 - M , (4.11) 

where in the last step we used equations ( |2.9| ), and ( 2.14|) . It is straightforward to see that 
the eigenvalues £^ of satisfy equation (|4.9|) with a; M = 1 + a^, [i = 0, 1, 2, and ^3 = 3. 
For this result to be meaningful, the conditions uj^ > 0, \i = 0, 1, 2, have to be fulfilled. The 
latter imply the following restrictions on a 0) a i> 

- 1 < a < 2, -1 < cki < 1 - a . (4-12) 

The parameter values satisfying equation (|4.12 ) form a subset of the set of allowed parameter 
values for type (1. 1.1) spectra, as defined in equation (|4.1] ). 



From equation ( |2.15|) , it results that Ti^' and 7v- l \ defined in equation ( |4.11|) , can be 
rewritten as = a) a and H.^ = aa\ respectively. Comparing with equation (|4.6|), we 
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conclude that equation (H7TDT) is valid for \i = 0, provided we define aj) = a) , ao = a, so that 
the corresponding algebra parameters are = a , cn^ = ati. 

Let us now define a\, a±, and a 2 , a 2 in such a way that equation ( [4.10|) is also valid for 
fi = 1, and /i = 2. From equations Q4.6| ) and ( 4.11|) , we obtain 



ftW = alai+ (l + a )J = iV + / + a P - a 2 Pi, 
U {2) = a ia [ + (l + a )I = N + 21 - a 2 P Q + a P 2 , 



(4.13) 



and 



H {2) = a\a 2 + (2 + a + a x )I = N + 21 - a 2 P + a P 2 , 
ft( 3 ) = fl2a t + ( 2 + « + = iV + 3/ + a P l - a 2 P 2 , 



(4.14) 



from which we derive 

ai,a\ = I + «iP + oc 2 Pi + a P 2 , 



a 2 , a\ 



I + a 2 P + olqPi + diP 2 . 



(4.15) 



Finally, from equation (|4~TT|) , it results that H {3) = H {0) + 3/, so that A\ = A\ = aj, 
A 3 = A = a , as it shoud be. 



We conclude that the choice made in equations (|4.10|) , ( |4.11| ), and ( [4.1 2|) provides an 
algebraic realization of SSQM for any cyclic shape invariant potential of period three.Q The 
matrix elements of the supersymmetric Hamiltonians and supercharges Tt^, Qj^, Q^, \i = 0, 
1, 2, are expressed in terms of boson-like operators a^, a M , /x = 0, 1, 2, belonging to C 3 - 

extended oscillator algebras A^ ai , Aa1,-a -au A- ao - aijao , respectively, where ao, ot\ are 
related to the level spacings through the relations ojq = 1 + «o, = 1 + «i, ^2 = 1 — ao — «i, 
and restricted to those values satisfying equation ( [4.121) . The commutators of such operators 
a*, are given by 

I + atf>P + a¥>P 1 + a?>P2, (4.16) 



where the parameters offl = a u+fl , v = 0, 1, 2, fulfil relations similar to equation ( 4.12j ), i.e., 

- 1 < o> } < 2, -1< o> } < 1 - « M) . (4.17) 

For different /1 values, the sets {«q M \ a 2 } only differ from one another by a cyclic 
permutation. 

As a final point, we would like to stress that the Hamiltonians Ti.^, given in equa- 
tion ( [4.1 1| ), differ from the corresponding bosonic oscillator Hamiltonians = 1 1 0^,0^1 
through a linear combination of projection operators P u , 

W 00 = H M + a?)) P„ + £^I, (4.18) 



2 It is obvious that by an appropriate change of energy scale, one can get any value instead of ^3 = 3, 
as considered here. 
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Figure 8: Spectra of the Hamiltonians 7Y^, /i 
a = 0, Qfi = |. 



0, 1, 2, 3, defined in equation Q4.11|) , for 



or 



V 

= fl" (1) + IE( 1 + 2 «o- a H-i)^ 

V 

= ^ 2) + i^(3-2« 2 -«, +2 )P, 

V 

= ^o 0) + |D 3 + «^-«^) ? - ( 4 - 19 ) 

This explains why the TC^ and .Hq^ spectra, corresponding to parameter values satisfying 
equation ( [4.17]) , consist of periodically spaced levels characterized by different uj v values, 
although in both cases the level order is similar, and actually coincides with that of the 
standard harmonic oscillator. 

On figure 8 are displayed the spectra of \i = 0, 1, 2, 3, for a = 0, and «i = ~. 
The corresponding values of u u are u> = 1, oj\ = |, U2 — h, and the associated C^-extended 

oscillator algebras are A Q 3 y 2 , ^1/2-1/2' ^-1/2 o> respectively 



5 Concluding Remarks 

In the present paper, we considered a bosonic oscillator Hamiltonian Ho, associated with 
the C 3 -extended oscillator algebra A^ a introduced in |37j , and we studied its spectrum in 
terms of the algebra parameters «o, ot\. We showed that such a spectrum has a very rich 
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structure, contrary to what happens for the two-particle Calogero Hamiltonian, connected 
with the C*2 (or S2) -extended oscillator algebra (also referred to as the Calogero- Vasiliev 
algebra). In particular, we obtained both nondegenerate spectra, with or without the same 
level order as the standard harmonic oscillator, and spectra exhibiting some double and/or 
triple degeneracies. 

More importantly, we pointed out that some of the nondegenerate spectra, namely those 
of type (1. 1.1), (II. 1.1.1), and (III. 1.1.1), have an infinite number of periodically spaced levels, 
as the spectra arising in SSQM when considering cyclic shape invariant potentials of period 
three We finally obtained a matrix realization of the supersymmetric Hamiltonians 
and supercharges associated with the latter in terms of creation and annihilation operators 
at, a M , fi = 0, 1, 2, belonging to (^-extended oscillator algebras, whose parameters are 
obtained by cyclic permutations from a starting set {ao, a\, a^}, for which — 1 < a < 2, 
— 1 < cti < 1 — ao, and ct2 = — ao — a\. 

It is obvious that the results derived in the present paper can be extended to bosonic 
oscillator Hamiltonians H associated with C^-extended oscillator algebras A^ ai ... a , 2 , cor- 
responding to A values different from three. Although the complete classification of their 
possible types of spectra in terms of the algebra parameters ao, cti, . . ., ctA-2, becomes rather 
complicated for A > 3, generalizing the results for spectra with periodically spaced levels is 
straightforward. In particular, it can easily be shown that the hierarchy of supersymmetric 
Hamiltonians and supercharges { 7^, Q^Q^ | /i = 0,l,...,A — 1} of Q, corresponding to 
cyclic shape invariant potentials of period A > 2, can be built from creation and annihilation 
operators aL a M , /1 = 0, 1, A — 1, belonging to C^-extended oscillator algebras, whose 
parameters are obtained by cyclic permutations from a starting set {ao,a±, • • • ,«a-i}, for 
which — 1 < «o < A — 1, — 1 < Ofj, < A — /i — 1 — J2u=o «!/ if /i = 1, 2, . . ., A — 2, and 

«A-1 = - 2^=0 a v 

A very interesting open question is the possibility of realizing CA-extended oscillator 
algebras in terms of differential operators. Since one-dimensional Hamiltonians are known 
to have no degeneracies in their bound state spectrum, the existence of degeneracies in the 
Hq spectrum for some parameter values shows that such a realization should at least involve 
two variables. 



References 

[1] L.E. Gendenshtein, JETP Lett. 38 (1983) 356. 
[2] E. Witten, Nucl. Phys. B 185 (1981) 513. 

[3] F. Cooper, A. Khare and U. Sukhatme, Phys. Rep. 251 (1995) 267. 

[4] U.P. Sukhatme, C. Rasinariu and A. Khare, Phys. Lett. A 234 (1997) 401. 

[5] A. Gangopadhyaya and U.P. Sukhatme, Phys. Lett. A 224 (1996) 5. 



20 



[6] H.S. Green, Phys. Rev. 90 (1953) 270; 

Y. Ohnuki and S. Kamefuchi, Quantum Field Theory and Parastatistics (Springer, 
Berlin, 1982). 

[7] J. Beckers, N. Debergh and A.G. Nikitin, Fortschr. Phys. 43 (1995) 67, 81; 
J. Beckers and N. Debergh, Int. J. Mod. Phys. A 10 (1995) 2783. 

[8] A.K. Mishra and G. Rajasekaran, Pramana (J. Phys.) 36 (1991) 537, 37 (1991) 455(E). 

[9] V.A. Rubakov and V.P Spiridonov, Mod. Phys. Lett. A 3 (1988) 1337; 
A. Khare, J. Math. Phys. 34 (1993) 1277. 

[10] J. Beckers and N. Debergh, Nucl. Phys. B 340 (1990) 767. 

[11] A. Khare, A.K. Mishra and G. Rajasekaran, Int. J. Mod. Phys. A 8 (1993) 1245. 

[12] V.G. Drinfeld, in Proc. Int. Congr. of Mathematicians (Berkeley, CA), ed. A.M. Gleason 
(American Mathematical Society, Providence, RI, 1986) p. 798; 
M. Jimbo, Lett. Math. Phys. 10 (1985) 63, 11 (1986) 247. 

[13] M. Arik and D.D. Coon, J. Math. Phys. 17 (1976) 524. 

[14] L.C. Biedenharn, J. Phys. A 22 (1989) L873; 
A.J. Macfarlane, J. Phys. A 22 (1989) 4581; 

C. -P. Sun and H.-C. Fu, J. Phys. A 22 (1989) L983. 

[15] A. Jannussis, G. Brodimas and R. Mignani, J. Phys. A 24 (1991) L775; 
A. Jannussis, J. Phys. A 26 (1993) L233. 

[16] C. Daskaloyannis, J. Phys. A 24 (1991) L789. 

[17] M. Irac-Astaud and G. Rideau, On the existence of quantum bihamiltonian systems: 
The harmonic oscillator case, Universite Paris VII preprint, PAR-LPTM92; Lett. Math. 
Phys. 29 (1993) 197; Theor. Math. Phys. 99 (1994) 658. 

[18] R.J. McDermott and A.I. Solomon, J. Phys. A 27 (1994) L15. 

[19] S. Meljanac, M. Milekovic and S. Pallua, Phys. Lett. B 328 (1994) 55; 
S. Meljanac and M. Milekovic, Int. J. Mod. Phys. A 11 (1996) 1391. 

[20] J. Katriel and C. Quesne, J. Math. Phys. 37 (1996) 1650. 

[21] C. Quesne and N. Vansteenkiste, J. Phys. A 28 (1995) 7019. 

[22] C. Quesne and N. Vansteenkiste, Helv. Phys. Acta 69 (1996) 141; Czech. J. Phys. 47 
(1997) 115. 

[23] C. Daskaloyannis, J. Phys. A 25 (1992) 2261; 

D. Bonatsos and C. Daskaloyannis, Chem. Phys. Lett. 203 (1993) 150. 

[24] C. Quesne, Phys. Lett. A 193 (1994) 245. 



21 



[25] D. Bonatsos, C. Daskaloyannis and K. Kokkotas, Phys. Rev. A 48 (1993) R3407, 50 
(1994) 3700. 

[26] O.W. Greenberg, Phys. Rev. Lett. 64 (1990) 705; Phys. Rev. D 43 (1991) 4111; 
D.I. Fivel, Phys. Rev. Lett. 65 (1990) 3361. 

[27] S. Chaturvedi and V. Srinivasan, Phys. Rev. A 44 (1991) 8024; 
A.J. Macfarlane, J. Math. Phys. 35 (1994) 1054. 

[28] C. Quesne, J. Phys. A 27 (1994) 5919. 

[29] M.A. Vasiliev, Int. J. Mod. Phys. A 6 (1991) 1115. 

[30] A.P Polychronakos, Phys. Rev. Lett. 69 (1992) 703; 

L. Brink, T.H. Hansson and M.A. Vasiliev, Phys. Lett. B 286 (1992) 109; 
L. Brink and M.A. Vasiliev, Mod. Phys. Lett. A 8 (1993) 3585. 

[31] T. Brzezihski, I.L. Egusquiza and A.J. Macfarlane, Phys. Lett. B 311 (1993) 202. 

[32] F. Calogero, J. Math. Phys. 10 (1969) 2191, 2197, 12 (1971) 419. 

[33] C. Quesne, Mod. Phys. Lett. A 10 (1995) 1323. 

[34] D. Bonatsos and C. Daskaloyannis, Phys. Lett. B 307 (1993) 100. 

[35] M.S. Plyushchay, Mod. Phys. Lett. A 11 (1996) 397; Ann. Phys. (NY) 245 (1996) 339. 

[36] J. Beckers, N. Debergh and A.G. Nikitin, Int. J. Theor. Phys. 36 (1997) 1991. 

[37] C. Quesne and N. Vansteenkiste, Phys. Lett. A 240 (1998) 21. 

[38] C. Quesne and N. Vansteenkiste, C\-extended oscillator algebras and some of their 
deformations (in preparation). 

[39] J.F. Cornwell, Group Theory in Physics (Academic, New York, 1984) vol. 1, p. 117. 



22 



